Generalized Slow Roll for Non-Canonical Kinetic Terms 
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We show that the generalized slow-roll approach for calculating the power spectrum where the 
inflationary slow roll parameters are neither small nor slowly varying can be readily extended to 
models with non-canonical kinetic terms in the inflaton action. For example, rapid sound speed 
variations can arise in DBI models with features in the warp factor leading to features in the power 
spectrum. Nonetheless there remains a single source function for deviations that is simply related 
to the power spectrum. Empirical constraints on this source function can be readily interpreted in 
the context of features in the inflaton potential or sound speed. 



I. INTRODUCTION 



Inflation with non-canonical kinetic terms in the scalar 
field action can arise in braneworld inflation (e.g. 
Here the sound speed for fluctuations in the inflaton field 
can deviate from unity. The power spectrum and higher 
order TV point functions are usually computed under the 
slow roll or slow variation approximation developed in 0- 
[H where the sound speed is assumed to be adiabatically 
varying. 

As in the case of inflation with canonical kinetic terms, 
slow variation in the parameters is not a requirement, 
neither for sufficient inflation nor for acceptable power 
spectra with current constraints. Rapid variation that is 
either localized in time or that has little cumulative effect 
on the expansion history is allowed and can lead to in- 
teresting observational signatures in the power spectrum 
and non-Gaussianity. For example, these can arise from 
features in the potential (e.g. [Ell]) 01 ' the warp factor of 
Dirac-Born-Infeld (DBI) inflation 0. 

While such cases can always be solved on a model by 
model basis, the generalized slow roll (GSR) approach [8( 
provides an efficient computational tool that also clar- 
ifies the relationship between cosmological observables 
and the model for the inverse problem. In this Brief Re- 
port, we show that the technique can be readily extended 
to the case of non-canonical kinetic terms. With this ex- 
tension, all of the results of the GSR formalism apply to 
non-canonical terms as well j9l-tl3j. In particular, there 
remains a single source function of the background evolu- 
tion that describes even relatively large deviations from 
the slow variation assumption in the power spectrum. 

We briefly review how the background expansion his- 
tory relates to the general inflaton action and the usual 
slow variation parameters in Sjll] In ijllll we describe the 
GSR formalism for calculating the power spectrum when 
the slow variation parameters are neither small nor slowly 
varying. We discuss applications of the GSR formalism 

in sjrvl 



II. BACKGROUND EVOLUTION 



The action 



Sd, = 



J d 4 x^ P (X, 



(1) 



for the inflaton <f> provides a generalization of the canoni- 
cal p = X—V{<j>) case to arbitrary functions of the kinetic 
term Q 



X = --VW„< 



(2) 



The scalar field behaves as a perfect fluid with pressure 
p and energy density 



p = 2Xp. x - p- 



(3) 



The equations of motion for the background value of the 
field are given by the fluid equation of motion 



dlnp 



= -3(l+p/p), 



din a 

or equivalently by the field equations [lj 



(4) 



d<j> 
dhia 

dx 
din a 



H' 



1 P,4> 
Hp.x' 



with X = x 2 /2. Here the sound speed is 



V 



P,x 



P,x _ 

p,x ZXp.x p,x + 2Xp,xx ' 



(5) 



(6) 



and the Hubble parameter obeys the usual Friedmann 
equations where we now assume that the scalar field dom- 
inates the energy density during inflation 



3' 



dlnH 
din a 



--(l+p/p) = -e H . 



(7) 



Throughout we take units where M v \ = 1 / v8ttG = 1 . 



2 



Inflation occurs when the slow roll parameter e# < 
1. Sufficient inflation requires e# to remain small for 
many e-folds leading to conditions on the second slow 
roll parameter 



Vh = Si — (h - 



1 dlneji 

2 dhia 



(8) 



In the ordinary slow roll case, vh is also slowly varying 
and hence sufficient inflation requires < 1 and \vh\ *C 
1 around the e-folds when large scale structure left the 
horizon. 

The GSR approach relaxes this condition by allowing 
the third slow roll parameter 



£ff m + Vh 



drj H 
din a 



(9) 



to become large and cause evolution in vh- 

By employing the equations of motion ((5j , these slow 
roll parameters can be related to the evolution of the 
field (/>(lna) through the functional form of p(X, <j>). For 
a canonical kinetic term the result is 



Ya 

V 



= 2e H 



(1 - W3) 5 



V 



eg + Vh - S 2 /i 
1 - e H /3 ' 



(10) 



and returns the familiar relationship between en, Vh and 
the potential in the ordinary slow roll limit. 

For non-canonical kinetic terms the general procedure 
of obtaining the evolution of the slow roll parameters 
from the equations of motion still holds but involves other 
partial derivatives of p(X,4>) beyond p^ and p^- In 
particular, the sound speed enters and so it is convenient 
to introduce an additional slow variation parameter [3| 



&1 



din c s 
din a 



(11) 



The ordinary slow variation approximation would require 
e H, \vh\ and \<ti\ <C 1 as well as constant to leading 
order. In the GSR approach we also allow ci to evolve 
as monitored by a final parameter 



02 



dai 
din a 



d 2 In, 
din a 



(12) 



bringing the number of slow variation parameters derived 
from the background solution to five. 

As a concrete example, consider DBI inflation [l| where 



p(X,<f>) = - 
and hence 

e H (X,<j>) 
c 2 s (X,cb) 
p = 3H 2 



F(<j>) 



y/1 - 2F((j>)X - V(<f>) (13) 



3XF{(/>) 



-c s (X,4>)V(4>)F(<l>) 

2F(4>)X, 
1 



F{4>)c s {X, 



v(4>) 



(14) 



Here F{4>) is related to the warp factor in brane inflation. 

Taking the derivative of en and employing the field 
equation ((5]), we obtain 



din 6h 
din a 



2c,F. r 



2FF_ rh V 



Va 



X F 2 H(1 + c s FV) 
-2F 2 (3c sX H + X 2 VF 4 
+ X 2 F i V(3xH + c s V t} ,) 

+F 3 [-6 X HV + (x 2 - 2c s V)V^Y (15) 

which can be taken to define 77#(lna). Likewise the 
derivative of Eq. (fT5")) can be used to define 82 (In a) which 
in turn involves the derivative of the sound speed or 



<?1 



X 
FH 



-F. t 



F 2 (3 X H + c s V,t) 



(16) 



Note that the sound speed can change suddenly if there is 
a feature in either F(<p) or V(<f) and 172 contains second 
derivatives of these functions. For ex amp le F((f>) might 
contain steps 0] from duality cascade [lj| . 



III. GENERALIZED SLOW ROLL 

Fluctuations in the inflaton field 5<j) in spatially flat 
slicing are related to the curvature fluctuations on co- 
moving (or constant field) slicing 1Z as u — zlZ = 
—z(d(f)/d\iia)~ 1 S(j), where 



a(p + p) 1/2 



c s H 



(17) 



For any background evolution, regardless of values or evo- 
lution of the five slow variation parameters, the field fluc- 
tuations obey 0] 



•• , 2 1 2 * 

U + C.K U U 



0, 



(18) 



where overdots are derivatives with respect to the con- 
formal time i] to the end of inflation, which we define as 
positive and decreasing. 

Given that field oscillations will freeze out at sound 
horizon crossing rather than horizon crossing, it is useful 
to transform variables to 



f a - da c s 



(19) 



and rescale the field variable y = y/2kc s ii to remove adia- 
batic effects from evolution in the sound speed. Eq. (fT8|) 
then becomes 



where 



fl + ( fc 2 _ ±\ = g( lns ) 

ds 2 \ s 2 ) s 2 



f" ~ 3f 
f ' 



y, 



(20) 



(21) 



3 



with ' = d/d\ns and 



where 



/ = 2nzcl /2 s 



8tt 



ehc s aHs 
H 2 c ' 



(22) 



Thus the field equation contains up to second derivatives 
in both en and c s and hence involves the slow variation 
parameters up to 5 2 and a 2 . 

In these variables, the equation of motion for the field 
fluctuations are identical for canonical and non-canonical 
kinetic terms. For fcs > 1 or deep inside the sound hori- 
zon, the g term is suppressed by (ks)~ 2 and the solutions 
are just free plane waves exp(±ifcs). The exp(-Mfcs) solu- 
tion is the positive energy, Bunch-Davies vacuum, initial 
condition and is valid for any non-divergent evolution of 
the slow variation parameters. 

For ks <C 1 the curvature fluctuations freeze out and 
the curvature power spectrum is given by 



A 2 = 



2tt 2 



= lim 



ksy 



f 



(23) 



Note that in the lowest order slow variation approxima- 
tion / remains constant with aHs/c s —> 1 and ksy — > 1 
so that 3 



A 2 



r 



H 1 



(24) 



Non-canonical kinetic terms require three simple gen- 
eralizations of the GSR approach. The first is that fea- 
tures in field space are mapped onto features in k space 
through the sound horizon s rather than the particle hori- 
zon r]. The second is that the source function g of de- 
viations from slow variation contains derivatives of the 
sound speed. Finally, the derivatives of / are taken with 
respect to the sound horizon rather than conformal time. 
With these generalizations in mind, all of the results 
proven for GSR with canonical kinetic terms apply to 
non canonical kinetic terms as well 0, [l2| . 

Briefly, the GSR approach to solving the field equation 
([2U)l is to consider the RHS as an external source with an 
iterative correction to the field value y. To lowest order, 
we replace y — > yo where 



2/o 



ks 



(25) 



is the solution with g — > corresponding to the initial 
conditions above. We then solve for the field fluctua- 
tion y through the Green function technique. Thus the 
GSR approximation has extended validity in that it al- 
lows features in p(X, (f>) to cause relatively large changes 
in X and the field dynamics through c s as long as the 
field position remains slowly varying. 

To first order, the curvature power spectrum is given 

by 



In A 



2(1) 

n 



G(lns mi „) + 



ds 



W(ks)G'(lns). (26) 



G = -21n/+-(ln/)'. 



(27) 



and thus 



G' = -2(ln/)' + |(ln/)" = \g ^[(ln/)f, (28) 
with the window function 

W(u) = 3sin ( 2 ") - 3cos ( 2n ) „ 3sin O) ( 29 -) 



2u 3 



2u. 



The addition of the term quadratic in (In/)' to g in 
Eq. (|28[) guarantees that the power spectrum is inde- 
pendent of the arbitrary epoch s m i n after sound horizon 
crossing, ensuring that the curvature remains constant 
thereafter pjj]. Note that the local slope [TTJ] 



din A 2 , 

1 = — 

dink 



J ^-W'(ks)G'(lns). 



(30) 



Since J dlnuW = — 1, n s — 1 = — G for slowly varying 
G'. 

To second order, 



A^ 2 » = A^« \ [1 + \l 2 {k) + \l 2 {k)] 2 + \l 2 {k) 



(31) 



where 



Ji(fc) = -= / — G'(]ns)X(ks), 
V2J0 s 

rOO j -\ .of 

I 2 (k) = -4 ™[X+ix']LF 2 (u), 
Jo u 3 / 



with 



and 



F 2 {u) 



00 duf 
u 2 /' 



X{u) 



■(sinu — ucosuY 



(32) 



(33) 



(34) 



For cases where /"// controls the large deviations in G', 
the dominant second order term is I\ and hence the power 
spectrum depends only on a single source function G' 
through two simple quadratures [12j. 

It is useful to relate the source function G' to the five 
slow roll parameters. Taking derivatives of In/, we ob- 
tain 

G' = |(2 £H -2r m - ( r 1 ) + |(^-l) 2 (35) 
3 3 c s 

2 ,aHs 

+ ^( l)(A + 2e H -2r]H-(Ti) 

3 c. 



1 (aHs 



25 2 



2e 2 H - 2 VH - 27?| 



3 \ c s 

-3<ti + 2rj H a 1 + a\ - e H {^r]H + <Ji) - 02 



4 



In the ordinary slow roll approximation one assumes 
e H <C 1, \t)h\ < 1, | (Ti| <C 1 and negligible S 2 , a 2 - Thus 

aHs 

a 1 + (Ti + e H , 36 

c s 

and so 

G' ^4e H -2 m + <Ji = l-n s , (37) 

which returns the usual slow roll approximation for tilt 
generalized to non-canonical kinetic terms [I| . Note that 
this derivation makes it clear that the slow variation of 
the sound speed during the many e-folds before sound 
horizon crossing does not have any observable impact on 
the power spectrum. 

Another interesting limit is where wc still require eu *C 
1 and |<Ti| <C 1 but allow -qn, S 2 and 02 to become large. 
In this case 

G'^-2 VH -lrf H + h 2 -^. (38) 

In particular 82 and 02 can become large for a small num- 
ber of e-folds if there is a large second derivative term in 
the potential of a canonical field or in the sound speed 
of a non-canonical field. For example, in DBI inflation, 
steps in the warp factor F{4>) produce very similar phe- 
nomenology to steps in V((j)) in the canonical case as 
noted by 

IV. DISCUSSION 

We have shown that the generalized slow roll (GSR) 
approximation can be extended straightforwardly to the 



case of non-canonical kinetic terms for the inflaton. The 
extension involves only the remapping of epochs during 
inflation to wavenumber k through the sound horizon 
rather than the particle horizon and a generalization of 
the source function g (or G') of deviations from slow vari- 
ation to account for evolution in the sound speed. 

The GSR formalism can be used to streamline the cal- 
culation of brane inflation models where the sound speed 
varies significantly across the observable c-folds. An ex- 
ample is a DBI model with steps in the warp factor Q. 
We intend to examine these and other models in a future 
work. Our treatment can also be used to derive second 
order corrections in the case where the slow variation 
parameters are both small and slowly varying [l6( . 

The single source function G 1 contains nearly all of 
the information from the power spectrum on single field 
inflation with canonical or non-canonical terms even for 
strong evolution in the slow variation parameters 
Empirical constraints on G" such as the percent level lim- 
its from the CMB acoustic peaks [l3| and weaker limits 
on large scale features [TtJ can be directly reinterpreted 
in context of braneworld models as constraints on vari- 
ations in the sound speed rather than features in the 
inflaton potential. Extensions of the GSR approach to 
the bispectrum [l8| may also be useful for non-canonical 
models where the non-Gaussianity can become large. 
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